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DUNFORD-PETTIS AND COMPACT OPERATORS BASED ON
UNBOUNDED ABSOLUTE WEAK CONVERGENCE
NAZIFE ERKURS¸UN-O¨ZCAN(1), NIYAZI ANIL GEZER(2), OMID ZABETI(3,∗)
Abstract. In this paper, using the concept of unbounded absolute weak convergence (uaw-
convergence, for short) in a Banach lattice, we define two classes of continuous operators, named
uaw-Dunford-Pettis and uaw-compact operators. We investigate some properties and relations
between them. In particular, we consider some hypotheses on domain or range spaces of oper-
ators such that the adjoint or the modulus of a uaw-Dunford-Pettis or uaw-compact operator
inherits a similar property. In addition, we look into some connections between compact opera-
tors, weakly compact operators, and Dunford-Pettis ones with uaw-versions of these operators.
Moreover, we examine some relations between uaw-Dunford-Pettis operators, M -weakly compact
operators, L-weakly compact operators, and o-weakly compact ones. As a significant outcome,
we show that the square of any positive uaw-Dunford-Pettis (M -weakly compact) operator on an
order continuous Banach lattice is compact. Many examples are given to illustrate the essential
conditions, as well.
1. Introduction and Preliminaries
The notion of uo-convergence under the name individual convergence was initially introduced in
[11] and ”uo-convergence” was proposed firstly in [4]. Recently, various types of interesting papers
about uo-convergence in Banach lattices have been announced by several authors (see [6, 7, 8] for
more expositions on these results). Un-convergence was introduced by Troitsky in [14] and further
investigated in [5, 9]. Unbounded convergent nets in term of weak convergence, uaw-convergence,
was introduced by Zabeti and considered in [15].
Let E be a Banach lattice. For a net (xα) in E, if there is a net (uγ), possibly over a different
index set, with uγ ↓ 0 and for every γ there exists α0 such that |xα−x| ≤ uγ whenever α ≥ α0, we
say that (xα) converges to x in order, in notation, xα
o
−→ x. A net (xα) in E is said to be unbounded
order convergent ( uo-convergent, in brief) to x ∈ E if for each u ∈ E+, the net (|xα − x| ∧ u)
converges to zero in order. It is called unbounded norm convergent (un-convergent, for short) if
‖|xα − x| ∧ u‖ → 0. For a version of an unbounded convergent net in term of weak convergence,
a net (xα) in a Banach lattice E is said to be unbounded absolutely weakly convergent to x ∈ E
if for each positive u ∈ E, one has |xα − x| ∧ u
w
−→ 0. In a recent paper [15], several properties
of uaw-convergence have been investigated. In particular, order continuous Banach lattices and
reflexive ones are characterized in terms of uaw-convergent nets. In addition, it is shown that the
uaw-convergence is topological.
In this note, by an operator, we mean a bounded operator between Banach lattices, unless
otherwise explicitly stated.
It is known that compact operators have important applications both in analysis and other
disciplines. In this paper, the concept of a uaw-compact operator is defined. An operator T : X →
E, where X is a Banach space and E is a Banach lattice, is said to be (sequentially) uaw-compact
if T (BX) is relatively (sequentially) uaw-compact where BX denotes the closed unit ball of the
Banach space X . Equivalently, for every bounded net (xα) (respectively, every bounded sequence
(xn)) its image has a subnet (respectively, subsequence), which is uaw-convergent. We further say
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that the operator T is un-compact if T (BX) is relatively un-compact in E. In [9], some properties
of un-compact operators are studied.
Moreover, we consider a uaw-version of Dunford-Pettis operators. For the general theory of
Dunford-Pettis operators, reader is referred to [2, 10, 13]. Suppose E is again a Banach lattice and
X is a Banach space. We say that an operator T : E → X is uaw-Dunford-Pettis if for every norm
bounded sequence (xn) in E, xn
uaw
−−−→ 0 implies ||T (xn)|| → 0.
In the present paper, we investigate relationships between compact and Dunford-Pettis oper-
ators in the uaw-version. Some properties of uaw-compact and uaw-Dunford-Pettis operators
are studied. Moreover, we utilize some conditions on domain or range of operators to ensure
us when the adjoint or the modulus of a uaw-compact or uaw-Dunford-Pettis operator has the
same property. Furthermore, we employ some assumptions to establish some connections between
uaw-Dunford-Pettis operators, M -weakly compact operators, L-weakly compact operators, and
o-weakly compact ones. As a main consequence, we deduce that the square of a positive uaw-
Dunford-Pettis (M -weakly compact) operator on an order continuous Banach lattice is compact.
In addition, various examples are given to make the concepts and hypotheses more understandable.
Denote by BUDP (E), BDP (E),Kuaw(E),Kun(E) the spaces of all uaw-Dunford-Pettis, Dunfor-
Pettis, uaw-compact and un-compact operators on a Banach lattice E, respectively. For other
necessary terminology on vector and Banach lattice, we refer the reader to [1, 2].
2. Main Results
Proposition 1. Suppose that E is a Banach lattice whose dual space is order continuous and X
is a Banach space. Then, every Dunford-Pettis operator T : E → X is uaw-Dunford-Pettis.
Proof. Suppose T ∈ BDP (E,X) and (xn) is a norm bounded sequence in E which is uaw-
convergent to zero. By [15, Theorem 7], it is weakly convergent. By the assumption, ‖T (xn)‖ → 0,
as desired. 
Note that order continuity of E′ is essential in Proposition 1 and can not be dropped. To see
this, consider the identity operator I on ℓ1. It follows from the Schur property of ℓ1 that I is
Dunford-Pettis. However it can not be uaw-Dunford-Pettis as the uaw-null sequence (ei) formed
by the standard basis of ℓ1 is not norm convergent to zero. In addition, it can be easily seen that
every uaw-Dunford-Pettis operator is automatically continuous but the converse is not true, in
general; again, consider the identity operator on ℓ1.
Remark 1. Suppose that E is an AM -space and X is a Banach space. Since the lattice operations
in E are weakly sequentially continuous [2, Theorem 4.31] and in view of Proposition 1, it can be
seen that an operator T : E → X is uaw-Dunford-Pettis if and only if it is Dunford-Pettis. Suppose
further that E is an atomic order continuous Banach lattice. It follows from [12, Proposition 2.5.23]
that if an operator T : E → X is uaw-Dunford-Pettis, then it is a Dunford-Pettis operator.
It is known that every compact operator is Dunford-Pettis. In the following example, we show
that in the case of a uaw-Dunford-Pettis operator, the situation is different.
Example 1. Let T : ℓ1 → R be defined by T ((xn)) =
∞∑
n=1
xn for every (xn) ∈ ℓ1. Since T is of
finite rank, it is compact. It follows by considering the standard basis of ℓ1 that T can not be a
uaw-Dunford-Pettis operator.
A typical example of a Dunford-Pettis operator which is not compact is the identity operator
on ℓ1 because of the Schur property. But this operator does not do the job for the uaw-case
since it is not also uaw-Dunford-Pettis. Nevertheless, there is a good news if one considers the
Lozanovsky-like example as it is described in [2, Page 289, Exercise 10].
Example 2. Consider the operator T : C[0, 1]→ c0 given by
T (f) = (
∫ 1
0
f(t) sin t dt,
∫ 1
0
f(t) sin 2t dt, . . .)
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for every f ∈ C[0, 1]. It can be easily seen that T is not order bounded so that by [2, Theorem 5.7],
T is not compact. Denote by (fn) ⊆ C[0, 1] a norm bounded sequence for which fn
uaw
−−−→ 0 holds.
It follows from [15, Theorem 7] that fn
w
−→ 0 and that ||T (fn)|| = supm≥1 |
∫ 1
0 fn(t) sinmt dt| ≤∫ 1
0 |fn(t)|dt→ 0. Hence, the noncompact operator T is an uaw-Dunford-Pettis operator.
As in [9, Proposition 9.1] and using [15, Theorem 4 and Proposition 14], we have the same
conditions for uaw-compactness and sequentially uaw-compactness of an operator.
Proposition 2. Let T : E → F be an operator between Banach lattices.
(i) If F is order continuous and has a quasi-interior point then T is uaw-compact iff it is
sequentially uaw-compact;
(ii) If F is order continuous and T is uaw-compact then T is sequentially uaw-compact;
(iii) If F is an atomic KB-space then T is uaw-compact and sequentially uaw-compact.
Remark 2. The fact which is used in proof of [9, Proposition 9.1, (i)] is that un-topology on
a Banach lattice E is metrizable if and only if E has a quasi-interior point. This result can be
restated in term of uaw-topology provided that E is order continuous. Note that order continuity
is essential and can not be dropped; consider E = ℓ∞. It is easy to see that uaw-topology and
absolute weak topology agree on BE . But BE is not weakly metrizable since E
′
is not separable.
This implies that E can not be metrizable with respect to the uaw-topology.
Let us continue with several ideal properties.
Proposition 3. Let S : E → F and T : F → G be two operators between Banach lattices.
(i) If T is (sequentially) uaw-compact and S is continuous then TS is (sequentially) uaw-
compact.
(ii) If T is a uaw-Dunford-Pettis operator and S is either (sequentially) un-compact or uaw-
compact then TS is compact.
(iii) If T is uaw-Dunford-Pettis and S is Dunford-Pettis then TS is Dunford-Pettis.
(iv) If T is continuous and S is uaw-Dunford-Pettis, then TS is uaw-Dunford-Pettis.
Proof. (i) We prove the results for the sequence case. For nets, the proof is similar. Suppose
(xn) ⊆ E is a bounded sequence. By the assumption, the sequence (S(xn)) is also norm bounded.
Therefore, there is a subsequence TS(xnk) which is uaw-convergent.
(ii) Suppose (xn) is a bounded sequence in E. There is a subsequence (xnk) such that S(xnk)
uaw
−−−→
x for some x ∈ F. Thus, by the hypothesis, ‖T (S(xnk))− T (S(x))‖ → 0, as desired.
(iii) Suppose (xn) is a sequence in E which is weakly null. By the assumption, ‖S(xn)‖ → 0.
It follows that S(xn)
uaw
−−−→ 0. Again, this implies that ‖TS(xn)‖ → 0.
(iv) Suppose (xn) is a norm bounded sequence in E which is uaw-null. By the hypothesis,
‖S(xn)‖ → 0 so that ‖T (S(xn))‖ → 0, as desired. 
Corollary 1. Suppose E is a Banach lattice. Then BUDP (E) is a subalgebra of B(E).
In general, we have K(E) ⊆ Kun(E) ⊆ Kuaw(E). In the next discussion, we show that not
every uaw-compact operator is un-compact.
Example 3. The inclusion ℓ2 →֒ ℓ∞ is weakly compact by [2, Theorem 5.24]. Hence, it is sequen-
tially uaw-compact because range of the operator is an AM -space. However it is not sequentially
un-compact. Since by [9, Theorem 2.3], it should be compact which is not possible.
Remark 3. Kun(E) and Kuaw(E) are not order closed in the usual order of the space of all
continuous operators on E, as shown by [9, Example 9.3]; see also [15, Theorem 4].
Following results are motivated by the Krengel’s Theorem, see [2, Theorem 5.9].
Theorem 1. If E is an AL-space and F is a Banach lattice whose dual space is order continuous.
Then every sequentially uaw-compact operator T from E into F has a sequentially uaw-compact
adjoint.
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Proof. Let T : E → F be a sequentially uaw-compact operator. For every norm bounded sequence
(xn) in E, the sequence T (xn) has a subsequence T (xnk) which is convergent in the uaw-topology.
By [15, Theorem 7], the subsequence is weakly convergent. This implies that the operator T is
weakly compact. By the Gantmacher’s theorem [2, Theorem 5.23], it follows that T ′ is weakly
compact. Since range of T ′ is an AM -space, it is sequentially uaw-compact. 
Remark 4. Note that order continuity of F ′ is essential and can not be removed. Consider the
identity operator on ℓ1. One may verify that it is uaw-compact; for ℓ1 is an atomic KB-space,
therefore using [9, Theorem 7.5] and [15, Theorem 4], yield the desired result. But its adjoint is
the identity operator on ℓ∞ which is not sequentially uaw-compact.
Theorem 2. If E is an AL-space and F is a reflexive Banach lattice. Then every order bounded
sequentially uaw-compact operator T from E into F , has a weakly compact modulus.
Proof. By Theorem 1, if T is sequentially uaw-compact then T ′ is a sequentially uaw-compact
operator. Note that E′ is an AM -space. So, the operator T ′ is weakly compact and the result
follows from [2, Theorem 5.35]. 
Proposition 4. Let E be a Banach lattice whose dual space is atomic and order continuous. Also
let F be a Banach lattice whose dual is order continuous. Then, every (sequentially) un-compact
operator T : E → F has a (sequentially) un-compact adjoint operator T ′ : F ′ → E′.
Proof. For any norm bounded sequence (xn) in E, the sequence (T (xn)) has a subsequence which is
un-convergent to zero by un-compactness. By [5, Theorem 6.4], it is weakly convergent. Hence, the
operator T is weakly compact. It follows from Gantmacher’s theorem that T ′ is weakly compact.
By [9, Proposition 4.16], the operator T ′ is un-compact. 
Recall that, see [2] for details, an operator T : E → F is M -weakly compact if for every norm
bounded disjoint sequence (xn) one has ||Txn|| → 0; T is L-weakly compact if every disjoint
sequence (yn) in the solid hull of T (BE) is norm null; see [3] for a recent progress on this topic.
Proposition 5. If T : E → F is a uaw-Dunford-Pettis operator then T is M -weakly compact; in
particular, it is weakly compact. Also, if F ′ is order continuous and T : E → F is a uaw-compact
operator, then T is weakly compact.
Proof. If (xn) is norm bounded disjoint sequence in E, by [15, Lemma 2], xn
uaw
−−−→ 0. Hence,
||Txn|| → 0. The second part follows from [15, Theorem 7]. 
For the converse, we have the following.
Theorem 3. Suppose E and F are Banach lattices such that either E or F is order continuous.
Then every positive M -weakly compact operator from E into F is uaw-Dunford-Pettis.
Proof. Suppose (xn) is a bounded positive uaw-null sequence in E and ε > 0 is arbitrary. By [2,
Theorem 5.60] due to Meyer-Nieberg, there is a positive u ∈ E with ‖T (xn) − T (xn ∧ u)‖ <
ε
2 .
First, suppose E is order continuous; since xn ∧ u
w
−→ 0 and the sequence is order bounded, by [2,
Theorem 4.17], we conclude that ‖xn ∧ u‖ → 0 so that ‖T (xn ∧ u)‖ → 0. Now, assume F is order
continuous; xn ∧ u
w
−→ 0 results in T (xn ∧ u)
w
−→ 0. Note that this sequence is order bounded so
that by [2, Theorem 4.17], ‖T (xn ∧ u)‖ → 0. In any case, we see that ‖T (xn)‖ < ε for sufficiently
large n, as claimed. 
Corollary 2. Suppose either E or F is order continuous. Then every L-weakly compact lattice
homomorphism from E to F is uaw-Dunford-Pettis.
Proof. It can be verified easily that T isM -weakly compact ( for example see [2, Page 337, Exercise
4]). Now, the conclusion follows from Theorem 3. 
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Remark 5. Suppose E and F are Banach lattices. An operator T : E → F is said to be uaw-
continuous if it maps bounded uaw-null sequences to uaw-null ones. It can be verified that every
uaw-Dunford-Pettis operator is uaw-continuous but the converse is not true, in general; consider
the identity operator on ℓ1. L-weakly compact operators are fruitful tools for the following.
Theorem 4. Suppose E is a Banach lattice and F is an order continuous Banach lattice. Then
every L-weakly compact uaw-continuous operator from E into F is uaw-Dunford-Pettis.
Proof. Suppose (xn) is a bounded positive uaw-null sequence in E and ε > 0 is arbitrary. By [2,
Theorem 5.60], there is a positive u ∈ F with ‖|T (xn)|− |T (xn)| ∧u‖ <
ε
2 . Since T (xn)
uaw
−−−→ 0, we
see that |T (xn)| ∧ u
w
−→ 0. Note that this sequence is order bounded so that by [2, Theorem 4.17],
‖|T (xn)| ∧ u‖ → 0. Therefore, ‖T (xn)‖ < ε for sufficiently large n, as claimed. 
In the following example, we show that adjoint of a uaw-Dunford-Pettis operator need not be
uaw-Dunford-Pettis.
Example 4. Consider the operator T given in Example 2. We claim that its adjoint is not uaw-
Dunford-Pettis. The adjoint T ′ : ℓ1 →M [0, 1] is defined via T
′((xn))(f) = Σ
∞
n=1xn(
∫ 1
0 f(t) sinntdt),
in which M [0, 1] is the space of all regular Borel measures on [0, 1]. Note that the standard basis
(en) is uaw-null. For each n ∈ N, put fn(t) = sinnt. Then we have
‖T ′(en)‖ ≥ ‖T
′(en)(fn)‖ =
∫ 1
0
(sinnt)2dt9 0.
Remark 6. Observe that Example 4 can be employed to show that positivity assumption in
Theorem 3 and uaw-continuity hypothesis in Theorem 4 are essential and can not be removed. The
operator T ′ is not positive; since T is uaw-Dunford-Pettis, it isM -weakly-compact. By [2, Theorem
5.67], T ′ is alsoM -weakly compact but as we see, it is not uaw-Dunford-Pettis. Furthermore, again,
using [2, Theorem 5.67] convinces us that T ′ is also L-weakly compact. We claim that T ′ is not
uaw-continuous. Note that en
uaw
−−−→ 0. For every n ∈ N, consider fn(t) = sinnt. Also, since the
sequence (sinn) is dense in [−1, 1], we can choose sufficiently large n ∈ N with sinn > 14 . Suppose
δ1 is the Dirac measure at point x0 = 1. Then, (T
′(en) ∧ δ1)(sinnt) >
1
4 .
Now, recall that an operator T : E → X from a Banach lattice to a Banach space is o-weakly
compact if it carries order intervals to weakly relatively compact sets. Compatible with [2, Theorem
5.91 and Corollary 5.92] and [15, Lemma 2], one may verify the following.
Proposition 6. Every uaw-Dunford-Pettis operator T : E → X from a Banach lattice to a Banach
space is o-weakly compact.
Proposition 7. The square of a uaw-Dunford-Pettis operator carries order intervals into norm
totally bounded sets.
Now, we have the following.
Theorem 5. Suppose E is a Banach lattice and T is a positive uaw-Dunford-Pettis operator on
it. Then, for every positive operator S dominated by T 2, S2 is compact.
Proof. By Proposition 5 and Proposition 6, T is o-weakly compact and M -weakly compact. More-
over, by Proposition 7, T 2 maps order intervals into norm totally bounded sets. Now, the conclusion
follows from [2, Page 338, Exercise 13]. 
Observe that since the identity operator on ℓ1 is Dunford-Pettis, we can not expect compactness
of any power of T ; the following is surprising.
Corollary 3. Suppose E is a Banach lattice. Then, for every positive uaw-Dunford-Pettis operator
T on E, T 4 is a compact operator.
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Corollary 4. Suppose E is an order continuous Banach lattice and T is a positive uaw-Dunford-
Pettis operator on E. Then, for every operator S, with 0 ≤ S ≤ T , S2 is compact. In particular,
the square of a positive uaw-Dunford-Pettis operator is compact.
Proof. By Proposition 6, T is o-weakly compact. This means that the order bounded set T [0, x]
is relatively weakly compact. By [2, Theorem 4.17], it is relatively compact. Now, from [2, Page
338, Exercise 13], we conclude that every positive operator S dominated by T , has a compact
square. 
Corollary 5. Suppose E is a Banach lattice. Then the identity operator on E is uaw-Dunford-
Pettis if and only if E is finite dimensional.
Proof. Suppose the identity operator on E is uaw-Dunford-Pettis. By Corollary 3, it is compact.
This yields that E is finite dimensional. suppose E is a finite dimensional Banach lattice. So, it
is atomic and reflexive. Therefore, every uaw-null sequence is weakly null so that norm null. This
means that the identity operator on E is uaw-Dunford-Pettis. 
Furthermore, considering Theorem 3, we get the following important result.
Corollary 6. Suppose E is an order continuous Banach lattice. Then, the square of every positive
M -weakly compact operator on E is compact.
Similar to the case of usual compact operators and Dunford-Pettis ones, it might seem at the
first glance that every uaw-compact operator is uaw-Dunford-Pettis; the following example is
surprising.
Example 5. The inclusion ℓ2 →֒ ℓ∞ is weakly compact by [2, Theorem 5.24]. Previously, we
showed that this operator is sequentially uaw-compact. However it is not uaw-Dunford-Pettis.
For, the standard basis (en) is uaw-null but it is not norm convergent to zero.
Also, the other implication may fail, as well.
Example 6. Consider the inclusion map J : L∞[0, 1] → L1[0, 1]. It follows from [2, Page 313,
Exercise 7] that J is weakly compact. In fact, J is uaw-Dunford-Pettis. To see this, suppose (fn)
is a norm bounded sequence which converges to zero in the uaw-topology, by [15, Theorem 7], it
follows that it is weakly convergent. Since L1[0, 1] ⊆ (L∞[0, 1])′ and the constant function one
lies in L1[0, 1], we conclude that ‖fn‖1 → 0, as claimed. However J is not uaw-compact, since
the norm bounded sequence (rn) of the Rademacher’s functions does not have any uaw-convergent
subsequence.
For the uaw-convergence, we have xα
uaw
−−−→ x in Banach lattice E if and only if |xα − x|
uaw
−−−→ 0;
see [15, Lemma 1]. It allows one to reduce uaw-convergence to the uaw-convergence of positive
nets to zero.
Proposition 8. Let T : E → F be a positive uaw-Dunford-Pettis operator between Banach lattices
with F Dedekind complete. Then the Kantorovich-like extension S : E → F defined via
S(y) = sup
{
T (y ∧ yn) : (yn) ⊆ E+, yn
uaw
−−−→ 0
}
for y ∈ E+ is again uaw-Dunford-Pettis.
Proof. Suppose y, z ∈ E+. Then
S(y + z) = supn{T ((y + z) ∧ γn)} ≤ supn{T (y ∧ γn)} + supn{T (z ∧ γn)} ≤ S(y) + S(z),
in which, (γn) is a positive sequence that is uaw-null. On the other hand,
T (y ∧ αn) + T (z ∧ βn) = T (y ∧ αn + z ∧ βn) ≤ T ((y + z) ∧ (αn + βn)) ≤ S(y + z),
provided that two positive sequences (αn), (βn) are uaw-null so that S(y) + S(z) ≤ S(y + z).
Therefore, by the Kantorovich extension Theorem [2, Theorem 1.10], S extends to a positive
operator. Denote by S the extended operator S : E → F.
DUNFORD-PETTIS AND COMPACT OPERATORS BASED ON UNBOUNDED ABSOLUTE WEAK CONVERGENCE7
We show that S is also uaw-Dunford-Pettis. Suppose the norm bounded sequence (yn) ⊆ E+
is uaw-null. Therefore, we have
‖S(yn)‖ = ‖ sup
m
T (yn ∧ αm)‖ ≤ ‖T (yn)‖ → 0,
in which (αm) is a positive sequence in E which is convergent to zero in the uaw-topology. 
In the next example, we show that adjoint of a non uaw-Dunford-Pettis operator can be uaw-
Dunford-Pettis.
Example 7. Consider the operator T : ℓ1 → L
2[0, 1] defined by T ((xn)) = (
∑∞
i=1 xn)χ[0,1] for
all (xn) ∈ ℓ2 where χ[0,1] denotes the characteristic function of [0, 1]. The operator T is compact
but it is not uaw-Dunford-Pettis. Its adjoint T ′ : L2[0, 1] → ℓ∞ is compact, and hence, it is
Dunford-Pettis. By Proposition 1, we conclude that it is uaw-Dunford-Pettis.
Remark 7. One may verify that every positive operator which is dominated by a positive uaw-
Dunford-Pettis operator is again uaw-Dunford-Pettis. Therefore, if T is an operator whose modulus
is uaw-Dunford-Pettis, it can be easily seen that T is also uaw-Dunford-Pettis. Furthermore, a
remarkable Theorem by Kalton-Saab ( [2, Theorem 5.90]) asserts that if the range space is order
continuous, then we can deduce the former statement in the case of Dunford-Pettis operators. So,
this point can be considered as an advantage for uaw-Dunford-Pettis operators.
In this step, we investigate closedness properties of BUDP (E).
Proposition 9. BUDP (E) is closed subalgebra of B(E).
Proof. Suppose (Tm) is sequence of uaw-Dunford-Pettis operators which is convergent to the op-
erator T . We show that T is also uaw-Dunford-Pettis. Assume that (xn) is a bounded uaw-null
sequence in E. Given any ε > 0. There is an m0 such that ‖Tm − T ‖ <
ε
2 for each m > m0. Fix
an m > m0. For sufficiently large n, we have ‖Tm(xn)‖ <
ε
2 . Therefore,
‖T (xn)‖ < ‖Tm − T ‖+ ‖Tm(xn)‖ < ε.

The class of all uaw-Dunford-Pettis operators is not order closed. Consider the following.
Example 8. Put E = c0. Suppose Pn is the projection on the n-th first components. Each Pn
is finite rank operator so that Dunford-Pettis. By Proposition 1, it is uaw-Dunford-Pettis. Also,
Pn ↑ I, where I denotes the identity operator on E. But I is not uaw-Dunford-Pettis as the
standard basis (ei) is uaw-null but not norm convergent to zero.
Remark 8. It is a natural and remarkable question to ask whether BUDP (E) can have a lattice
structure or not. This can be reduced as follows. When the modulus of a uaw-Dunford-Pettis
operator exists and is again uaw-Dunford-Pettis? In general, the answer to this question is not
affirmative. Consider [2, Example 5.6] which is due to Krengel. Observe that the spaceE mentioned
there, is a Dedekind complete order continuous Banach lattice whose dual is again order continuous.
The operator T is compact so that Dunford-Pettis. By Proposition 1, it is uaw-Dunford-Pettis.
The sequence (xˆn) is disjoint so that by [15, Lemma 2], it is uaw-null. But as we see in the example
|T |(xˆn) can not be norm null.
The handy required tool is being disjoint preserving. Recall that an operator T between vector
lattices E and F is called disjoint preserving if x⊥y implies that Tx⊥Ty.
Theorem 6. Suppose E is a Banach lattice. Then every order bounded disjoint preserving operator
which is uaw-Dunford-Pettis possesses a modulus which is uaw-Dunford-Pettis.
Proof. By [2, Theorem 2.40], the modulus of T exists and satisfies at the identity |T |(x) = |T (x)|
for each positive element x ∈ E. Suppose (xn) is a bounded positive net which is uaw-null. By
the hypothesis, ‖T (xn)‖ → 0. So, |T |(xn) is also norm null. 
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Remark 9. Observe that there is no inclusion relation between uaw-Dunford-Pettis operators
and disjoint preserving ones. The identity operator on ℓ1 is certainly disjoint preserving but it
is not uaw-Dunford-Pettis. Furthermore, consider the operator T on C[0, 1] defined via T (f) =
(f(0)+f(1))1. One may verify that T is a compact operator so that Dunford-Pettis. By Proposition
1, it is uaw-Dunford-Pettis but it is not disjoint preserving, as mentioned in [2, Page 117].
Consider this point that disjoint preserving operators need not be a vector space (see [2, Page
117] for more details). Suppose E is an Archimedean vector lattice. Recall that an operator T
on E is said to be orthomorphism if it is order bounded and band preserving, simultaneously;
equivalently, T is an orthomorphism if it is an order bounded operator in which x⊥y results in
T (x)⊥y. Every orthomorphism is disjoint preserving. Certainly, Orth(E) = {T ∈ Lb(E), x⊥y ⇒
Tx⊥y} is a vector subspace of Lb(E) so that an ordered vector space itself, in which Lb(E) is
the space of all order bounded operators on E. Moreover, by a notable result due to Bigard,
Keimel, Conrad, and Diem ([2, Theorem 2.43]), Orth(E) = {T ∈ Lb(E), x⊥y ⇒ Tx⊥y}, is an
Archimedean vector lattice where the lattice structures are provided pointwise. Now, we have the
following.
Corollary 7. Suppose E is a Banach lattice and OrthUDP (E) is the space of all uaw-Dunford-
Pettis orthomomrphisms on E. Then, OrthUDP (E) is an AM -space with respect to the regular
norm.
Proof. Observe that by [2, Theorem 4.77] (due to Wickstead), Orth(E) is an AM -space with unit.
Note that by using [2, Theorem 2.40], we conclude that for every T ∈ Orth(E), ‖T ‖ = ‖T ‖r. This
point compatible with Proposition 9 convince us that OrthUDP (E) is closed so that an AM -space
in its own right. 
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